Abstract. Boundedness of ⋄-substitution operator u ⋄ Cϕ on ℓ p (β), with a weighted Cauchy product ⋄, is investigated by an inductive argument on the pair (u, ϕ).
Introduction
Let {β n } ∞ n=0 be a sequence of positive numbers with β(0) = 1 and 1 ≤ p < ∞. We consider the space of sequences f = {f (n)} such that
We shall use the formal notation f (z) = ∞ n=0f (n)z n whether or not the series converges for any complex values of z. These are called formal power series. Throughout this paper, we consider the space ℓ p (β) to be defined by
(n)z n , f β < ∞}.
Note that if lim n β(n + 1)/β(n) = 1 or lim inf n β(n) 1/n = 1, then ℓ p (β) consists of functions analytic on the open unit disc D = {z ∈ C : |z| < 1}. The Hardy, Bergman and Dirichlet spaces can be viewed in this way when p = 2 and respectively β(n) = 1, β(n) = (n + 1) −1/2 and β(n) = (n + 1) 1/2 . For a beautiful exposition of the study of classic ℓ p (β) spaces, see [1, 3, 4] and the references therein.
Let {δ n } ∞ n=0 be a sequence of positive numbers with δ 0 = 1. Given arbitrary two functions f (z) = ∞ n=0f (n)z n and g(z) = ∞ n=0ĝ (n)z n of the space ℓ p (β), define the following generalized Cauchy product series
Note that ℓ p (β) is not unitarily equivalent to ℓ p ( β) with β(n) := δ n+1 β(n)/(δ 1 δ n ), because in general the sequence { β(n)/β(n)} is not necessarily constant (see [3] ).
Let u, ϕ ∈ l 0 (β), the set of all formal power series. The operator u ⋄ C ϕ :
is called ⋄-substitution operator on ℓ p (β). Note that if lim n β(n + 1)/β(n) = 1 or lim inf n β(n) 1/n = 1, we shall assume that ϕ(D) ⊆ D, where D is the open unit disc.
Substitution (weighted composition) operators are well-studied in many classical spaces. In this note we initiate the study of ⋄-substitution operators on ℓ p (β) with ⋄-multiplicaton. There is a few results about substitution operator uC ϕ on ℓ p (β) (see [2, 4] ). In the next section, by an inductive argument on the pair (u, ϕ), we give some sufficient and necessary conditions for boundedness of ⋄-substitution operator
.
Thus C ϕ ≤ M , and so C ϕ is a bounded operator on l p (β). On the other hand, if we put f n (z) = z n , then we get that
where q is the conjugate exponent to p,
This implies that
and
Now, by using Hölder inequality we get that
Thus we have
and so M ≤ C ϕ < ∞.
where A n,m := {k : 0 ≤ k ≤ n and n − k ∈ M (m)} and 1/p + 1/q = 1. If u ∈ ℓ p (β) and α < ∞, then u ⋄ C ϕ is a bounded operator on l p (β). In this case
It follows that
where B m1,m2 := {n : n ≥ m 1 and n − m 1 ∈ M (m 2 )}. If γ < ∞, then u ⋄ C ϕ is a bounded operator on l p (β) and u ⋄ C ϕ ≤ γ. n ∈ B m1,m2 0 n / ∈ B m1,m2 .
Then
